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X. The Solution of Kepler’s Problem, by

J. Machin, Afir. Prof. Grefh, and Secr.

R. S

ANY Attempts have been made at different

timcs, but, if I miftakc not, never any yet

with tolcmblc Succcfs, towards the Soluti'on ot the
Problem propoﬁd by Kepler: To divide the Arca of
a Semicircle into given Parts, by a Linc from a given
Roint of the Dlamctcr in order-to find an univerfal
Rule for the Motion of ‘a Body in an Elliptic Orbit.
For among the feveral Methods offered, fome are
only truc in Speeulation, but are rcally of no Service.
Others are not different from his own, which he
judged improper: And as to the reft, they arc all fome
way or other fo limited and confined to- parti¢ular
Conditions and Cucumftanccs, as {till to -leave the
Problem in gencral untouched. To be more parti-
cular; it is evident, that all Conftruftions by Mccha-
nical Cutves are fecming Solutions only, but in
rcality unapplicable; that the Roots of infinite Sc-
rics’s are, upon account of their known Limitations
in all refpeéts, fo far from affording an Appcarance of
being fufficient Rules, that they cannot well be fup-
ofcd as offered for any thing morc than Excrcifes in
a Mcthod of Calculation. And then, as to the uni-
verfal Mcthod, which procceds by a continued Cor-
re&ion of the Errors of a falfe Pofition, it is, when
duly confidered, no Mcthod of Solution at all in itfclf’s
becaufc, unlefs there be fomce antecedent Rule or
Hypothefis to begin the Opcration, (as fuppofe that of
an
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an uniform Motion about the upper Focus, for the
Orbit of a Planet; or that of a Motion in a Parabola
for the perihelian Part of the Orbit of a Comet; or
fome other fuch) it would be impoflible to proceed
one Step in jt. But as no general Rule has ever yet
been laid down, to aflift this Method, {o as to make
it always operate, it is the fame in Effett as if there
were no Mcthod -at all. And accordingly in Experi-
ence it is found, that there is no Rule now fubfiting
but what is abfolutely ufelefs in the Elliptic Orbits of
Comets; for in fuch Cafes there is no other way to
proceed but that which was ufed by Kepler: To com-
pute a Table for fome Part of the Orbit, and therein
examine if the Time to which the Place is required,
will fall out any-where in that Part. So that, upon
the whole, I think, it appears evident, that this Pro-
blem (contrary to the received Opinion) has never yet
been advanced one Step towards its true Solution: A
Confideratien which will furnifh a fufficient Plea for
meddling with a Subje& (o frequently handled ; efpe-
cially if what is offered fhall at the fame time appear
(as I truft it will) to contribute towards fupplying
the main Defedt.

LemMma L
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LemMmma L

The Tangent of an Arch being given, to find the
Tangent of its Multiple.

Lect 7 be the Radius.of the Circle, # the Tangent of
a given Arch 4, and » a given Number. Andlet T
be the Tangent of the Multiple Arch #x.4 to be
found. ,
Then if gp be put for — 77, and 77 for —#£5
- ———m
The Tangent 7 will be tﬂ:_’:—;g:
] /2 2
74| r—l
Which Bihomials ‘being raifed according to Sii-
Ifaac Newton's Rule, the fictitious Quantities rand p
will difappear, and the Tangent T will become equal tor
n n—1n—2 t3 7 n—1 n—2n—3 n—4 t%

12 3 21 2 3 4 5
n, n—1, n—2, n—3 1%
1 2 o TI T2 T Ao

This Theotem (which I formerly found for the
Quadrature of the Circle, at-a time when it was not
known here to have been invented before) has now
been common for many Years; for which Reafon I
fhall premife it, at prefent, without.any Proof ; only
for the fake of fome Ufes that have not yet been made
of it.

Corollary 1. From this Theorem for the Tangent,
the Sine (fuppofe) 7, and Cofine Z of the Multiple.
Arch nx A, may be readily found.

For if y be the Sine, and =z the Cofine of the given
Arch A, then putting v for — y y; and fubftituting 24

2

n, n—1, 1t
+

Lo

T
for ¢, and t:—~f01"rr, and V_%“ff"? for I:
Dd The -
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The Sine 7 will be =+2l” —'z—'vl:
2rn :

The Cofine Z will be =3-1|” +z—|"

27 #t
Each of thefe may be exprefled differently in a
Series, cither by the Sine and Cofine conjointly, or
by cither of them feparately.
Thus T the Sime of the multiple Arch zX 4, may
be in cither of thefe two Forms, v7z.

=1
. . 7;_.[.'”__2' -l.’:. ”—3,71""4.' ),4
_.rn__ljmn.... 5 A’z.‘+"_'4. —~ B.;;._é,c.
nu—1 | nn—9 o nn——2§
)= 2.377 I gsrr B*y 6.7rrcy .

! [

Wherein the Letters A, B C, &rc. ftand, as ufual,
for the Coefficients of the preceding Terms.

The firft of thefe Theorems terminates when # is
any integer Number, the other (which is Sir Ifaac
Newton's Rule, and is derived from the former by
fubftituting v/ 77—y for 2) terminates when 2 is any
odd Number.

The Cofine Z may, in like manner, be in cither

of thefe two Forms, viz.

=
p
" I

i — — : o— ——— g 4.
11z n, = I,_y_+g,7z I =2 =3 ) __ foc.
1 2 21 2 3 4 =t

"”'—4‘éy4__””—6_16 é_yﬁ — e

nn A 3
or=r—2750J 3.477 5.677 ‘
The latter of which terminates when the Num-
ber 7 is even, and the other as before, when it is
any Integer.

Corollary 2. Hence the Sine, Cofine, and Tangent
of any Submultiple Part of an Arch (fuppofe) A
may be determined thus:

The
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;f:,::pi‘i»r:':;;%g

1 I
T S A e
X 1

The Tangent of %4 will be

The Sine of L 4 will be zel?—2—al”

2r”

For thefe Equations will arife from the Tranfpofi.
tion and Reduction of the former for the Tangent and
Sine of the Multiple Arch, upon the Subftitution of
2,7, zand 4; for T, 1, Z and nxA4.

Corollary 3. Hence regular Polygons of any given
Number of Sides may be infcribed within, or circum-
fcribed without, a given Arch of a Circle. For if the
‘Number 7 exprefs the double of the Number of Sides
to be infcribed within, or circumferibed about, the
given Arch 4 ; then one of the Sides infcribed will.
be the double of the Sine, and one of the Sides cir-
cumfcribed the double of the Tangent of the Sub--
multiple part of the Arch, viz. 7A4.

LeEmma IL
To find the Length of the Arch of a Circle within:
certain Limits, by means of the Tangent and Sine
of the Arch.

Let # be the Tangent, #the Sine and 2 the Cofine:
of the Arch 4, whofe Length is to be determined,
and let ¢ 7, U be expounded as before 5 then, if any
Number 7z be taken, the Arch of the Circle will be
r+’7l;zl‘ e

i T X%Y,
v+ 77 A r—Tln
and biggerthan ZE =2
ar?

Dd =z For-

always lefs than
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For if, by the preceding Corollaries, a regular
reltilinear Polygon be infcribed within, and another
without, the Arch A4, each having half fo many Sidcs
as is cxprefled by the Number #z; then will the former
of thefc Quantities be the Length of the Bow of the
circum{cribed Polygon, (or the Sum of ail its Sides)
which is always bigger, and the latter will be the
Length of the Bow of the infcribed Polygon, which
isalways lefs, than the Arch of the Circle; howgreat
foever the Number 7z be taken.

Corollary 1. Hence the Series’s for the Rettification
of the Arch of a Circle may be derived.

For by converting the Binomials into the Form of
a Scrics, that the fictitious Quantitics, p, 7, v may be
deftroyed; it will appear, that no Number # can be
taken fo large as to make the infcribed Polygon fo
big, or the circumfcribed fo little as the Series.

ry_ryiogry

2 ;J_; - &e. in one Cale, or its Equal

z 343 §25 7z
£3 t? 17 . i

; ___3_7:_*_;?_ ;;3—{— &c. in the other Cafe.

Wherefore fince the Quantity denoted by the Sum
of the Terms in either of thefc Series’s is always
bigger than any infcribed Polygon, and always lefs
than any circumf(cribed, it muft therefore be equal to
the Arch of the Circle.

Coroliary 2. If, in the firft of the above Series’s,
the Root v 7r—;y, be extratted and fubftituted for =,
there will arife the other Series of Sir Jfzac New-
ton, for giving the Arch from the Sine; namely,

y8 4 35 5y7 ;
s +‘-}-(-)—;-+ 2,6 &e. or otherwife,

o I 23, 33 Y 3355 7
—'y+1.z.3xr2 ' 1.2.3.4..5.xr4—rx.z.3.4.5.6.7.X?3+é""'\

ScHo-
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ScHoLIUM.

In like manner, as the Arches of the Polygons ferve
to determine the Arch of the Circle, {fo by comparing
the Areas of the circumfcribed and infcribed Poly-
cens, LnrTand 122 Z, the Area of the Se&tor of a
Circle may be found. For if T, T and Z arc the
Tangent, Sinc and Cofine of the Arch 45 then by the
fecond Lemma the Area of the cilcumfcxibed Polygon

—_—

r.L7‘/._a~__.,ﬁ7z
will be found to be Lzrex =lurT
r{— |d4—r——7ﬁn
and the Area of the infcribed will appear to be
2
-;-ngxz—‘— \”Tz_”l”::%nrz.

1

r %

But upon the Expanfion of thefe Binomials it will
appear, that no Number 7 can be taken fo large as to
make the one fo big, or the other fo little, as the Arca
denoted by the Scncs

- 3 r5
.’:rmt—-?—--}-

KA
srd 716

So that this Arca being larger than any infcribed,
and {maller than any cxrcumfcmbed Polygon, muft bc
equal to the Area of the Seftor.

It may further be obferved, that as the Arch or
Area is found from the Sine, Cofine or Tangent of
the Arch, by means of the limiting Polygons, fo
may the Sine, Cofine or Tangent be found from
the Length of the Arch by the fame Method.

Thus, if A4 be the Arch whofe Tangent 7, Sinc 2;
and Cofine Z, arc to be determined, then will the
Tangent



1.2.3.0 72 2.
Tangent 7 be— e 3
T— X 1.2‘3.4.X7;"é“€
. 1 A3 1 As
Sine I =A_1.23X—1: 12345 1% ¢
: L 1 A%
Cofine Z' = _BXT+1.2.3.4X7§‘—@L

For it may be made to appear, from the fitlt Eemma,
and its Corollaries, that if in any of thefe Theorems,
as fuppofe in the Firft, the Quantity 4 ftand for the
Bow of the circumficribed Polygon, then will the
Quantity 7 exhibited by the Theorem, be always
bigger; but if for the Bow of the infcribed, always
lefs than the Tangent of the Arch, how great foever
the Number 7z be taken ; and confequently, if 4 ftand
for the Length of the Architfelf, the Quantity 7' muft
be equal to the Tangent ; and the like may be thewn
for the Sine, and, mutatis mutandis, for the Cofine.

Thefe Principles, from whence I have here derived
the Quadrature of the Circle, which is wanted in the
Solution of the Problem in hand, happen to be upon
another Account abfolutely requifite for the Redution
of it to a manageable Equation. But I have inlarged,
more than was neceflary to the Problem itfelf, on the
Ufes of this fort of Quadrature by the limiting Poly-
gons, becaufe it is one of that kind which requires no
other Knowledge but what depends on the common
Properties of Number and Magnitude s: and fo may
ferve as an Inftance to thew that no other is requifite
for the Eftablifhment of Principles for Arithmetick and
Geometry. A Trath, which though certain in itfelf,
may perhaps feem doubtful from the Nature and Ten-
dency of the prefent Inquiries in Mathematicks. For
among the Moderns fome have thought it neceffary,

for
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for the Inveftigation of the Relations of Quantities, to
have recourfe to very hard Hypothefes; fuch as that of
Number infinite and indeterminate ; and that of Mag-
nitudes in Statu fieri, exifting in a potential Manner,
which are aGtually of no Bignefs. And others, whofe
Names are truly to be reverenced on account of their
great and fingular Inventions, have thought it requifite
to have recourfe even to Principles foreign to Mathe-
maticks, and have introduced the Confideration of
cfficient Caufes and Phyfical Powers for the Produétion
of Mathematical Quantities; and have {poken of them,
and ufed them, as if they were a Species of Quantities
by themf{elves.

N. B. In the following Propofition I have, for the fake of Brevity,
made ufe of a peculiar Notation for compofite Numbers (ov [uch Quan-
tities as are analogous to them) whofe Fallors are in Arithmetical
Progreffion. ] .

The Quantity expreffed by this Notation bas a double Index : that at
the Head of the Root at the Right-hand, but feparated by a Hook ts
diftinguill) it from the common Index, denotes the Number of Fallors,
and that above, within the Hook on the Left-hand, denotes the com-
moi Diffevence of the Falfors proceeding in a decrenfing or increafing
Arithmetical Progreffion.

a

Thus the Quantity 7375 (™ denotes b oy its Index m on the Right-
band, that it is a compofite Quantity,confifting of fo many Fallors as theve
are Units in the Number m 5 and the Index & above,on the Left, denotes
the common Difference of the Falkors, decreafing in an Arithmetical
Progreffion, if it be Pofitive 5 or increafing, if it be Negative; and [o
[ignifies, in the common Notation, the compofite Number or Qiantity,

n4-a. n-a—a. n-a—2 . nd-a—3 a. and_fo on.
2

~—

—— R —
For Example : n-}- 5‘ is=p-5. n4-3. n4-1. n—1. n—3. n—g,
confifting of fix Falfors whofe common Difference is 2. After the fame
2

manner n+4.(‘ is =n+-4. n-d=2. 0. D2, n-—4, confifting of five Fac-
tors. According towhich Method it will eafily appear, that if a be any
2

——= g2 - .
Integer, then nf2 a+1( will be ==1n n—1.nn—9. nn—25,
continued
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continued to fuch a Number of double Factors as are expreffed by a1,
or balf the Index, which in this cafe is an even Numbgr. +Sé
2

n—}—za(z-a“ will be equal to n. nn—4.n10—16. n0—36, and [0 on,
'w@ere there are to be [o many double Falors as with one [fingle one (n)
will make up the Index 2a-}-1, which is an odd Number,

If the common Difference a be an Unit, it is omitted :

St ——
Thus, v(8 is ==n.n—1. n—2. 0—3. n—4. n—s3, containing 6 Fallor:.

So 6(6 is =6.5.4.3.2.1, and the like for otbers.
If the common Difference a be nothing, then the book is omitted,
and it becomes the fame with the Geometrical Power :

&(m 3 ~—lm . .
So n-a is = o= according to the common Notation.

ProprosIiITION L

An Arch lefs than_a Semicircle being given, with
4 Point in the Diameter paffing through one of
sts Extremities s to find, by means of the Sine.
of a given Part of the drch lefs than one half,
the Area of the Setor fubtended by the givem
Arch, and comprehended in the Angle made at
the given Point.

Let PN A bea Semicircle defcribed on the Centre
C, and Diameter AP, and let PN. be the given Arch
lefs than a Semicircle, and S the given Point in the Dia-
meter AP pafling thro” one of the Extremities of the
Arch NP in P. Then taking any Number 7 bigger
than 2, let PK be an
Arch in Proportion to
the given Arch PN, as
Uhnity to the Number
wsand letit be required
to find by meansof the A
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Sine of the Arch PK, the Area of the Se&or NSP
fubtended by the given Arch NP, and comprehended
in the Angle N SP made at the given Point S.

From N and K let fall on the Diameter AP the
Perpendiculars N M and KL, and join CN and CK.

Then let # ftand for CP the Semidiameter of the
Circle; ffor CS the Diftance of the given Point S
from the Centre; p for SP the Diftance of it from
the Extremity of the Arch through which the Dia-
meter AP pafles; and y for KL the Sine of the Arch
K P in the given Circle.

Thefe Subftitutions being prefuppofed, the Pro-
blem is to be divided into two Cafes; one when SP
is lefs, and the other when it is greater than the Semi-

diameter CP.

CASE L

If SP be lefs than CP, then take an Area H equal
to the Sum of the Retangles exprefled by the feveral
Terms of the following Sencs continued ad libitum :

py+t+~¢+1\xf )} +9t_-v+w xf‘ 1+ox’<f+ +\ Xf,(v e
x 3 e ST 7V

And the Area ;nXH will determine the Arca of the

Se&or NSP ad libitum.
For the Se&tor PSN, being the Excefs of the SeGtor
NCP above the Tnanglc NCS, will be the Diffe-

rence oftwo Reftangles: - CPXPN'— ZCSXNM;but

PN is the Multiple of the Arch PK, namcly nxPK;
and N M is the Sinc of that multxple Arch : Where-

fore if for CP be put #, for CS, f, according
Ee te
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to the Suppofition; and if for PK be fubftituted =
Py X 2 93P 9%5 070 y
;+~‘3’7X5+ “ﬁ:(;ﬁ_’ ;?_XlerO'f bv Cor. 2. Lem. 23

and for NM: , .

—& — 4 —_6
ny _ » 7«+11z l’+ 7. 7i+3l X ;’_f....’f'_f‘*‘?\x-lf_{_ e, accord-
T ‘3'}: X 5 A ¥ 16

ing to Cor. 1. Lem. 1. the Area of the Scltor will
appeat in a Series, as is above determmed. o
But fince the Number zis greater than 2, and the given:
Arch PN is le(s than a Semicircle, and »confcquently
KL or y, the Sine of the Submultiple Arch PK, is
lefs than the Semidiameter CP or #; it may thence
be cafily proved, that the Series will approximate to-
the juft Quantity of the Area, ad libitum.
Corollary 1. Hence, if the Number z be taken

—

cqual to Vo 5 +/ 25 +°—f"’ the Se&tor NSP will be

————a.

e RSt el TP y3 1 73 -
—2”P}'+ 1222 4 +****+II2015'7+éc'
For the Numerator of the Coefficient of the third

Term in the Series, that determines the Arca H,
namely, 0 r—i}%{?&’ £ is equal to 9r—=zuw—1.57%—9.7,

which, according to the above Determination of the
Number 7, will become nothing; wherefore, if for
#—p be put £ in the fecond Term, and the Value of 7
be fubftituted for % in the Third and Fourth, the Series

for the' Area will appear upon Redu@ion to be as is
here laid down.

Corol.
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Corol. 2. Hence the Area of the Se@tor N SP may
be always defined nearly by the Terms of a Cubic
Equation.

For the Number 7, as conftruéted in the former Co-
rollary, is always greater than the {quare Root of 10,
and confequently £ is always lefs than the Sine of one
third Part of the given Arch; fo that the fourth Term
—, with the Sum of all the following Terms of
the Scnes, can never be more than a fmall Part of the
whole Sector.

Corol. 3. If Rftand for 57,29;779;,(}: Degtees,
(or the Number of Degtrees. contained in an Angle
{ubtended by an Arch of the fame Length with the
Radius of the Circle) and M be the Number of De-
grees in an Angle which is to 4 right Angles, as the
Area N SP to the Area of the wholc Cu:clc then will
Mbe =~ P Ry-:]-”s"’” na—Lpx -—-6’ nearly.

Gt
For%x.’_f will appear by the Conftrution to be

cqual to the Se&tor N SP.
CASE IL

If SP be greater than CP, then take an Area H
equal to the Sum of the Terms in the following
Series:

2, t—-n—l—l(xf Yo t-]—;z—]-g‘xf )5 +9Xzst—n+5 xf R/

X l \g P zs 1 \/“ _{7 Ty —X _"+&(

and the Area ;-n"H will be the Se&or, as before.

Ec 2 For
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For the Point S being on the contrary Side of the
Centre to what it was before, it will eafily appear,
that the Change of £ into —f; muft reduce one Cafe
to the other, without any other Proof..

Corollary. Hence, if the Number 7 be taken. equal

to ¥73L orin this Cate ¥ 2 then the Series for the

Sector will want the fecond Term, asin the former it
wanted the Third,.

DEFINITION

The Angle called by Kepler the Anomalia Eccentri;
is a fiGtitious Angle in the Elliptic Orbit of a Planet,
being analogous to the Area defcribed by a Line from
the  Centre of the Orbir, and revolving with the
Planet from the Line of Apfides; in like manner as
the Mean Anomaly. is a fiGtitious Angle, analogous to
the Area defcribed by a Line from the Focus.

Otherwife, if C be the Centte, S the Focus of an
Elliptic Orbit defcribed on the tranfverfe Axis AP,
and the Area NSP in the Circle be taken in Pro-
portion to the whole, as the Area defcribed in die
Ellipfis about the Focus,. to the whole: Then is the
Arch of the Circle PN, or the Angle NCP,. that
which Kepler-calls the Anomalia Eccentri.

This Angle may be meafured cither from the
Apbelion, or from the Perihelion; in the following
Propofitien it is fuppofed to be taken. from the
Perihelion..

Pro
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ProrosiTIioN Il

The mean Anomaly of a Comet or Planet revolving
in a given Elliptic Orbit being givens to find
the ANoMALIA ECCENTRIL

The Solution of this Problem requires two diffe-
rent Rules; the firft and principal one ferves to make
a Beginning for a further Approximation, and the
other is for the Progreflion in approximating nearer
and nearer ad libitum.

1. The Rule for the firft Affumption : Let ¢, f, and
p, ftand as before, for the Semi-tranfverfe Axis of
the Ellipfis, the Semi-diftance of the Foci, and the
PeribelianDiftance ; then taking the Number 7 equal
to 25V ms let T'ftand for —24———  and

nut—nn—Ip3

P for 2L—— (or -':»T.)s which conftant Nunx

RUL 1,
bers, being once gomputcd for the given Orbit, will
ferve tofind the Angle. required nearly by the follow-
ing Rule:

Let M be the Number of Degrees in the Angle of
mean Anomaty tc the given Time, reckoned from or
to.the Perihelions and fuppofing R,. as before, to
ftand for 57,2957, &rc. Degrees ;. take the Number

N=;/-Z—.§M and let 4 be the Angle whofe Sine i§

3 e 3, P3
NI/§+V£+§-5.+“NV ;_-—-1/'1+ N
then the Multiple Angle % x 4 will be nearly equal
to the Anomalia Eccentri.

The.
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The Truth of which will appear from the Refo-

lution of the Cubic Equation in the laft Corollary to
the preceding Propofition.

Corollary 1. If the Quadruple of the Quantity -E%

be many times greater or many times lefs than
Unity; or, which amounts to the fame, if the mean
Anomaly M, be many times lefs, or many times
greater, than the Angle denoted by the given Quantity

22p

—;RVP (one or the other of which two Cafes moft

frequently happens in Orbits of very large Eccentri-
city) then the Theorem will be reduced to a fimpler
Form ncar enough for Ule.

Cafe 1. If M be many times lefs than ’—'f—;m/p ,

then the Angle 4 may be taken for that whole Sige is
: X M ‘

npxR.
Cafe 11. If M be many times greater than

271p
TFRVP,

then let 4 be the Angle whofe Sine is N— £;
and the Multiple Angle # x A, according to its Cafe,
will be nearly equal to the Angle required.

Corollary 11. In Orbits of very large Eccentricity,
the Peribelian Diffance p is many times lefs than
the Semi-diftance of the Foci f; and the Number
r=p 54V a2 is always nearly equal to 7o
or to the Integer. 3, either of which may be ufed for
it without any matcrial Error in the Orbits of Comets.

1I. The
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1I. The Rule for a further Corretion ad libitun.

Let M be the given mean Anomaly, t the Semi-
tran{verfe Axis, as before; and let B be equal to or
nearly equal to the Multiple Angle 7 x A4 before
found, then if x be the mean Anomaly,and xthe Planet’s
Diftance from the Sun, computed to the Anomalia Ec-

centri B the Angle g raken cqual to B +.€ X M—p,

will approach ncarer to the true Value of the Angle
fought; and by Repetitions of the fame Operation,
the Approximation may be carried on nearer and
nearcr, ad libitum.

This laft Rule being obvious, the Explication of
it may be omitted at prefent.

ScHOLIUM.

In this Solution, where the Motion is reckoned
from the Peribelion, the Rule is univerfal, and undes-
no Limttation : But had the Motion been taken from
the Aphelion, the Problem muft have been divided
into two Cafes : One is, when the Eccentricity is lefs
than % ; the other is, when it is not lefs, but is cither:
equal to, or more than in that Proportion.

If the Eccentricity be not lefs than %, then the
fame Rule will hold, as before, only putting the
Aphelian Diftance, fuppofe (4) inftead of the Peri-
helian Diftance (p), and fubflituting — f for £ in
the Rule for the Number 7. T

If the Eccentricity be lefs than ;%, then take the Num-

ber 7 cquél to 4% and ;tzx % will be nearly equal to
the Sine of the Submuwltiple Part of the Anomalia

Eccentri denominated by the Number 7, as before.
» I
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It is needlefs to obferve, that the like Rules would
obtain in Hyperbolic Orbits, mutatis mutandis. But
thatwhich perhaps may not appear unworthy of being
remarked, concerning this fort of Solution from the
Cubic Root is, that althouOh the Rule be altogether
impoflible, upon a total Chanoc of the Figure of the
Orbit either into a Circle, or into a PaLabola, yet it
will operate fo much better, and ftand in need of lefs
Cou'e&ion, according as the Figure advances nearer
in its Change towards cither of thofc two Forms.

That the Ufe of the Mcthod may better appear, it
may not be amifs to add a few Examples.

I have given two for the Orbits of Plancts, one the
moft, and the other the lealt Eccentrick; but which
are more to fhew the Extent of the Rule, thanto re-
commend the Ufe of it in {fuch Cafes; for there are
many other much better and more expeditious Me-
thods in Orbits of {mall Eccentricity. The other two
Examples are adapted to the Orbits of two Comets,
whofe Periods have been already difcovered by Dr.
Halley 5 the one is to thew the Ufe of one of the
Rules in the firt Corollary, and the other is to ex-
plain the Ufe of the other Rule.

ExamprE L
For the Orbit of Mercury.

If an Unit being put for the Semi-tranfverfe Axis (¢),
the Eccentricity o0,20489 will become (f), and the
“Perihelian Diftance (p) will be 0,79411 ; wherefore
by means of the Number R given as before, the con-
ftant Numbers for this Orbit will appear to be,

n=1,56755, T=0,5857271, P=£ T=04651319, and hence

3T
R == 0,0085965.

Example.
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Example. Suppofe Mthe mean Anomaly from the
Pershelion to be 120°. 00. 00", to which it is re-
quired to find the Anomalia Eccentrs.

Here, fince the mean Anomaly M is not many times

more than the limiting Angle E.E;KR,/ p, (which in
this Orbit is-about 74 Degrees) recourfe muft be had
to the general Rule in the Propofition.

The Number N then, which is 27 a7 will be
==1,010419%; which found gives

Ve 1, P3 . :
N‘/5+:‘/£+§6 =1,0389090; and allo

Nf/ -; - -;: -+ 11—;% ==—0,4477126. Whereforc the

Sum of both (under their proper Signs) wviz.
0,§911964 will be the Sine whofe Arch 36924195
is the Angle A; the Multiple whereof nxA
=129%,205503, will be the Angle to be firlk affumed

for the Anomalia Eccentrs. _
For a further Correftion s this Angle, now called

B, whofe Sine is fuppofec y, and its Cofine 2, gives,
by a known Rule, t+{-z =1,1304 for » the Pla-
net’s Diftance from the Sun; and by another known
Rule 'B.-J;-l-:l y=120°,16568 for k the mean Ano-
maly 1o the Anomalia Eccentri B. Whercfore the
cotred Angle B =‘B+§;X —p will be 129°,14846
=129%.08. 54,5, erring, as will appear from a fur-
ther CorreGion, about 5 of a Second.

Ef This
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‘This Angle, being thus determined, will give by
the common Mecthods 1379.48. 33" %, for the true
Anomaly or Angle at the Sun: The Sinc of the true
Anamaly being in Proportion to the Sine of the
Anomalia Eccentri, as the Semi-conjugate Axis to.
the Planet’s Diftance from the Sun. So that the

Equation of the Centre in this Example is 179
48" 33" L.
ExamrrLe IL
For the Orbit of Venus.

Suppofing, as before, the mean Diftance # to be
Unity, and the Eccentricity fto be 0,0069854; the
~conftant Numbers for this Orbit willbe, p—o0,993011¢5:
#=641165 T=1,5621345 P=o0,1551217;
3 =os0127571 ;5 and the limiting Angle 33;..1; RY'P,
will appear to be about 303 Degrees.

Example. Let M be 120°.00. 00", as in the
former Example.. Then, fince the mean Anomaly is,.
in this Cafe, not many times lefs than the limiting
Angle, the general Rule muft be ufed as before ; ac-
cording to which the Number N will appear to be
¥,152585; the Sine of 4 will be 0,3217917 ;- the
Angle 4, 18%771325 and the Multiple #zx4, or
Angle B for the firlt Affumption of the Awomaliz
Etcentri will be 120°,354.16. : 7

- This Angle B will give, by the Method before ex-
plained, the Angle B=120%,3455; or 1209 21,
44" fere, for the Anomalia Eccentri correit;s the Er-

ror of which will appear, upon Examination, to be
buta {mall Part of a Second.

In
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. In this Example the true Awnomaly is 120°. 41"
24",1; and confequently the Equation of the Centre
1o more than 41'. 25",1.

Examere I

For the Orbit of the Comet of 1683.

To know the mean Awnomaly of this Comet to any
given Time, it is to be premifed, that it was at the
Peribelion in the Year 1682, on the 4th Day of
September, at 21Ho. 22 Min. equated Time to the
Meridian of Greemwich, and makes its Revolution
about the Sun, as Dr. Halley has difcoverd, in 742
Years.

The Peribelian Diftance p is, according to his De-
termination, 0,0326084 Parts of the mean Diftance
t. So that the conftant Numbers for the Orbir will
be,7#=3,16760615T=0,2054272; P=0,00669867 5
and the limiting Angle 2’;’; ry P Will be about 19
Minutes ot 5 of a Degree.

In the Orbits of Comets, the Rule for the firft Af-
fumption of the Anomalia Eccentri is generally fuf-
ficient without Corre&tion.

Thus, fuppofe the mean Anomaly M tobe 0,072706,
(as it was at the time of an Obfervation made at Greezn-
wich on the 30th of Auguff 1682, at 7h. 42'. Aq.T.)
then the general Rule (which muft be here ufed, fince
the Angleof mean Anomaly is not above 4 or § times
lefs than the limiting Angle) will give nx4 or B=2%
12'.48",7, erring about 7% of a Second from the true
Anomalia Eccentri.

Efa Bue
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But in thefe Orbits the Rules in the firlk Corollary
to the fecond Propofition moft frequently take Place,
efpecially the laft; and the Calculation may alfo be
further abreviated, by putting the fquare Root of 10,
or the Integer 3, for the Number 7.

Example. Suppofe the mean Awmomaly to be
0%,006422, or 23",4792: Here, fince M is §o times
lefs than the limiting Angle, the Rule in the firlt Café of
the firlt Coro/lary may be ufed 5 thatis, to take the Sine

of the Angle 4=

#pXR

Wherefore, if the Number 3 be put for #, theSine
of 4, which is —’—]%, will be =0,00116367; and con-

3
fequently the Angle 4 will be 4. 00",011 ; and the
multiple Angle XA to be affumed for the Anomalia
Eccentri will be 12 00",033, the Eiror of which
will be found to be about 5% of a Second.

ExamprLEe IV.

For the Orbit of the great Comet of the Xear 1680.

This. Comet, according to Dr: Halley, performs
its Period in §7¢ Years; and was in its Peribelion
on the 7th of December 1680, at 23h. 09’ Aq. T.
at London s the peribelian Diftance 2 iso,000089301,
in Parts of the mean Diftance £: Wherefore fuppofing
the Number # to be v/15, the conftant Numbers for
the Orbit will be 7=0,2000161; P=0,000017862,

and the limiting Angle %’RV p Wwill be about ¢ of
a Second.

Example. Suppofe the mean Amomaly to be
3',31",4478 or 0°,05873541, (as it was at the Time
of the fuft Obfcrvation made on it in Saxony, on

November
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November the 3d, at 165 47! Aq. T. at London.)
here, fince the mean Anomaly is many times greater
than % of a Second, the Rule in the fecond Cafe of
the firlt Coro//ary may be ufed; that is, by taking the

Sineof A=N— %-
But the Number N or ;ﬁ% M 18 =0,0§794134 3
and zﬁ will be=0,0030827; wherefore

(N— §=) 0,04763307, will be the Sine whofc Arch

3°9,30397 is the Angle 4; and the multiple Angle
n*x A=10%. 26 §3",0¢, will be the Angle to be firft
affumed for the Amomalia Eccentris the Error of
which will be found to be lefs than a Second.

The true Anomaly, computed from this Angle ac-
cording to the Rule in the Example for Mercury, will
appear tobe 1719, 38'. 24", from the Peribelion.

By thefe Examples it appears, that the Solution is
univerfal in all refpets; for the two firft, compared
with the two laft, {erve to-fhew that it is not confined
to any particular Parts of the Orbit, but extendsto all
Degrees of mean Anomaly: And by comparing the
fecond- with the laft, it fufficiently appears to be
univerfal with refpect to the feveral Degrees of Eccen-
tricity ; fince in one the Equation of the Centre for
the Reduction of the Mean to the true Motion is not
fo much as the $3zth Part of the whole ; whereas in
the other it amounts to almoft 3000 times as much as
the mean Motion itfclf,

POST
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POSTSCRIPTY.

UPON reviewing the Refle@tions on the Quadrature of the
Circle in Page 212, T believe it may be ncceflary for me, to
prevent any Miftake that may arife from the different Opinions that
obtain about the Nature of Mathematical Quan&?r, to explain my-
felf a little upon that head ; as alfo to add a few Words to fhew how
the Method of Quadrature by limiting Polygons, takes place in other
Figures as well as the Circle.

take then a Mathematical Quantity, and that for which any Symbot
is put, to be nothing elfe but Number with regard to fome Meafure
which is confidered as one. For we cannot know precifely and de-
terminately, that is, mathematically, how much any thing is, but by
means of Number. The Notion of continued Quantity, without
regard to any Meafure, is indiftinct and confufed ; and although fome
Species of fuch Quantity, confidered phyfically, may be defcribed by
Motion, as Lines by Points, and Surfaces by Lines, and foon ; yet
the Magnitudes or Mathematical Quantities are not made by that Mo-
tion, but by numbering according to a Meafure.

Accordingly, all the feveral Notations that ate found neceffary to
exprefs the Formations of Quantities, do refer to fome Office or Pro-
perty of Number or Meafure; but none can be interpreted to fignify
continued Quantity as fuch.

Thus fome Notations are found requifite to exprefs Number in its
ordina} Capacity, -or the Numerus Numerans, as when one follows or
precedes another, in the firft, fecond or third Place from that upon

which it depends; a, the Quantities x, x, x, , &, referring to the
principal one x. ‘

So, in-many Cafes, a Notation is found neceffary to be given to a
Meafureas 2 Meafure ; as for Inftance, Sir Ifzac Newton’s Symbol for
a Fluxion #; for this ftands for a Meafure of fome kind, and accord-
ingly he ufually puts an Unit for it, if it be the principal one upon
which the reft depend.

So fome Notations are exprefly to thew a Number in the form of its
Compofition, as the Index to the Geometrical Power x® denoting the
Number of equal Factors which go to the Compofition of it, or what
is analogous to fuch.

But that there is no Symbol or Notation bur what refers to difcrete
Quantity, is manifeft from the Operations, which are all Arithmetical.

And hence it is, there are fo many Species of Mathematical Quar-
tity as there are Forms of compofite Numbers, or Ways in the Compo-

pofition of them; among which there are two more eminent for their

Simplicity



[ 229 ]

Simplicity and Univerfality than the reft: One is the Geometrical
Power formed froma conftant Root ; and the other, though well known,
yet wanting a Name as well asa Notation, may be called the Arizh-
metical Power ; or the Power of a Root uniformly increafing or dimi~
nifhing, and is that whofe Notation is defigned in Page213: The one
is only for the Form of the Quantity itfelf, the other is for the Confti-

tution of it from its Elements.

Now from the Properties of either of thefe it would be eafy to fhew
how the Quadratures of fimple Figures are deducible from the Areas
of their limiting Polygons. I fhall juft point out the Method from
the Arithmetical Power, as being the fhorteft and readieft at hand.

¢ 17 “w ) . . .
Let 2,2,z &c. or z, 3, %, &c. be Quantities in Arithmetical Pro-
greflion, diminifhing or increafing by the common Difference z, and

let, as before explained, ff‘" fignify the Arithmetical Power of z, de-

nominated by the potential Index 7, namely, zXzxz, &c. whofe
firft Root is z and laft z==m-=1X 2z ; which being fuppofed, the Ele-

Mam-n.:
ment of the Arithmetical Power will be 72X z.  that is, the Pro-
du& made from the Multiplication of the two Indices, and the next
inferior Power of the next Root in Order. For the firft Arithmetical

m Smer :3(‘0 ‘lz’(m'm ‘ .
Powerz is==z.z ,andthenextz is—=z Xz=—mgz,
wherefore the Difference will be as is explained.

And confequently, fince the Sum of thefe Elements or Differences,.
taken in order from the firft to the laft, do make up the Quantity ac-
cording to-its fermini ; hence, it = be the Abfcifs of a curvilinear
Figure whofe Ordinate y is equal to 7z™3; a Demonftration might
eafily be made that the [Form of the Quantity for] the Area will be
z™; that is, thefame Multiple of the next fuperior Power of z divided
by the Index of that Power.

For fince the Arithmetical Powers do ‘both unite and become the

fame with the Geometrical Power, when the differential Index =
is fuppofed. to be nothing; the Magnitude of the Geometrical Figure
will be implied from the Magnitudes of the two Polygons made up o
Re&angles, one from the increafing Agyithmetical Power, the other
from the diminifhing, although it be true, that the Elements of the

Polygons cannot be fummed up, when' z, the Meafuse of the Abfifs
2, 15 fuppoled to.be nothing:

T
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‘In like manner, in any other Cafe where zand z are two Ab{ciffes

whofe Difference as a Meafure -is z;andy, y the two Ordinates;
the Magnitude of the Figure will be implied by the Magnitudes of the
two Polygons which are made from the Sum- of -the infcribing and

circumfcribing Elements z y and z )", although the Figure itfelf s not
to be refolved into any fuch primogenial rectangular Elements.

And thus, I think, the Symbol z, confidered as a component Part
of the Reftangle z y, may bear a phin Interpretation; wiz. that it
is the Meafure according to which the Quantity z is meafured; nor
can I fee that any other Interpretation need to be put upon a Symbol,
which, like a Meafure, is ufed only to make other things known, but
i5 of itfelf for nothing but a Mark. '

-And what is faid of the Elements of the firft Refolution, is eafily
applied to thofe of a fecond or third, and foon the laft may always
be confidered as the Meafure of the former and indivifible, although,
in refpect of the following, it be taken as the Part according to which
‘the Nfeafure was made, and therefore divifible.

The candid Reader is defired to fbrike out a Remark of mine, abous
2be Comet of 1556, fubjoined to an Obfervation of the late Comet
made at Lisbon, printed in Page 123 of the laft Tranfadtions, N® 446.
The Note was there inferted by fome Accident, without my Intention ,
Jor I bad Joon afterwards informed the Society, that the Remark was
ill-founded.  According to Mr. Bradley’s Obfervations at Oxford,
abich were not then communicated, the Place at the Time mentioned
ought to have been in Long. 3. 13°. 21/.%. Lat. 0°. 29/, South.

8o that in-all probability there bappened fome Miftake in making this
‘Obfervation.
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